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Abstract
We give the (Ahumada type) Selberg trace formula for a semiregular bipartite graph G:
Furthermore, we discuss the distribution on arguments of poles of zeta functions of
semiregular bipartite graphs. As an application, we present two analogs of the semicircle law
for the distribution of eigenvalues of speciﬁed regular subgraphs of semiregular bipartite
graphs.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Graphs and digraphs treated here are ﬁnite. Let G be a connected graph and D the
symmetric digraph corresponding to G: Set DðGÞ ¼ fðu; vÞ; ðv; uÞ j uvAEðGÞg: We
also refer D as a graph G: For e ¼ ðu; vÞADðGÞ; set u ¼ oðeÞ and v ¼ tðeÞ:
Furthermore, let e1 ¼ ðv; uÞ be the inverse of e ¼ ðu; vÞ:
A path P of length n in D (or G) is a sequence P ¼ ðe1;y; enÞ of n arcs such that
eiADðGÞ; tðeiÞ ¼ oðeiþ1Þ ð1pipn  1Þ: Set jPj ¼ n; oðPÞ ¼ oðe1Þ and tðPÞ ¼ tðenÞ:
Also, P is called ðoðPÞ; tðPÞÞ-path. We say that a path P ¼ ðe1;y; enÞ has a
backtracking if e1iþ1 ¼ ei for some i ð1pipn  1Þ: A ðv; wÞ-path is called a v-cycle
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(or v-closed path) if v ¼ w: The inverse cycle of a cycle C ¼ ðe1;y; enÞ is the cycle
C1 ¼ ðe1n ;y; e11 Þ:
We introduce an equivalence relation between cycles. Such two cycles C1 ¼
ðe1;y; emÞ and C2 ¼ ðf1;y; fmÞ are called equivalent if fj ¼ ejþk for all j: The inverse
cycle of C is not equivalent to C: Let ½C
 be the equivalence class which contains a
cycle C: Let Br be the cycle obtained by going r times around a cycle B: Such a cycle
is called a multiple of B: A cycle C is reduced if both C and C2 have no backtracking.
Furthermore, a cycle C is prime if it is not a multiple of a strictly smaller cycle. Note
that each equivalence class of prime, reduced cycles of a graph G corresponds to a
unique conjugacy class of the fundamental group p1ðG; vÞ of G for a vertex v of G:
Then the (Ihara) zeta function ZðG; uÞ of a graph G is deﬁned to be the function of
uAC with u sufﬁciently small, given by
ZðG; uÞ ¼ ZGðuÞ ¼
Y
½C

ð1 ujCjÞ1; ð1Þ
where ½C
 runs over all equivalence classes of prime, reduced cycles of G (cf.
[6,7,9,13]).
Ihara [9] deﬁned zeta functions of graphs, and showed that the reciprocals of zeta
functions of regular graphs are explicit polynomials. Hashimoto [6] treated
multivariable zeta functions of bipartite graphs. Bass [2] generalized Ihara’s result
on the zeta function of a regular graph to an irregular graph G: Stark and Terras [12]
gave an elementary proof of this formula, and discussed three different zeta
functions of any graph.
Let G be a connected graph with n vertices v1;y; vn; and nAN: The adjacency
matrix A ¼ AðGÞ ¼ ðaijÞ is the square matrix such that aij ¼ 1 if vi and vj are
adjacent, and aij ¼ 0 otherwise. Let SpecðGÞ be the set of all eigenvalues of AðGÞ: Let
D ¼ ðdijÞ be the diagonal matrix with dii ¼ degG vi; and Q ¼ D I: The degree
degG v ¼ deg v of a vertex v in G is deﬁned by degG v ¼ jfw j vwAEðGÞgj: A graph H
is called k-regular if degH v ¼ k for each vertex vAVðHÞ:
Theorem 1 (Ihara). Let G be a connected ðq þ 1Þ-regular graph with n vertices. Set
SpecðGÞ ¼ fl1;y; lng: Then the reciprocal of the zeta function of G is
ZðG; uÞ1 ¼ð1 u2Þmn detðIn  uAðGÞ þ qu2InÞ
¼ ð1 u2Þðq1Þn=2
Yn
j¼1
ð1 lju þ qu2Þ
where m ¼ jEðGÞj:
The Selberg trace formula for a connected graph G is closely related to the zeta
function of G: Ahumada [1] gave the Selberg trace formula for a regular graph (cf.
[15,16]). For a semiregular bipartite graph G; Hashizume [8] presented the Selberg
trace formula.
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Now, let G be a connected ðq þ 1Þ-regular graph. Furthermore, let hðyÞ be a
complex function on R which satisﬁes the following properties:
1. hðyþ 2pÞ ¼ hðyÞ;
2. hðyÞ ¼ hðyÞ;
3. hðyÞ is analytically continuable to an analytic function over Im yo1
2
log q þ e
ðe40Þ:
For this hðyÞ; we deﬁne its Fourier transform by
hˆðkÞ ¼ 1
2p
Z 2p
0
hðyÞe
ﬃﬃﬃﬃ1p ky dy;
where kAZ:
Theorem 2 (Ahumada). Let G be a connected ðq þ 1Þ-regular graph with n vertices.
Set SpecðGÞ ¼ fl1;y; lng: Let l1;y; ll be the eigenvalues of G which 1 lju þ
qu2 ¼ 0 has imaginary roots. Furthermore, for each li ð1piplÞ; let q
1
2e
ﬃﬃﬃﬃ1p yi be a
root of 1 lju þ qu2 ¼ 0: Then the following trace formula holds:
Xl
i¼1
hðyiÞ ¼ 2np
Z p
0
sin2 y
ðq þ 1Þ2  4q cos2 y hðyÞ dyþ
X
½C

XN
m¼1
jCjqmjCj=2hˆðmjCjÞ;
where ½C
 runs over all equivalence classes of prime, reduced cycles of G:
Let G be a connected ðq þ 1Þ-regular graph with m vertices. Furthermore, let
SpecðGÞ ¼ fl1;y; lmg: By Theorem 1, the poles of ZðuÞ are 71 and roots of
1 lju þ qu2 ¼ 0 ð1pjpmÞ: Therefore, u ¼ q1=2e
ﬃﬃﬃﬃ1p y is a pole of ZðuÞ if and only
if l ¼ 2 ﬃﬃﬃqp cos y is an eigenvalue of G:
Sunada [14] gave an analogue of the semicircle law for the distribution on
eigenvalues of regular graphs by using Theorem 2. Let
fðlÞ :¼
qþ1
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ql2
p
ðqþ1Þ2l2 if jljp2
ﬃﬃﬃ
q
p
;
0 otherwise:
8<
:
Theorem 3 (Sunada). Let fGngNn¼1 be a family of ðq þ 1Þ-regular graphs such that
limn-N gðGnÞ ¼N; where gðGnÞ is the girth of Gn: For a; bAR ðaobÞ; let
fnð½a; b
Þ ¼ jflASpecðGnÞ j aplpbgj:
Then
lim
n-N
1
jVðGnÞj fnð½a; b
Þ ¼
Z b
a
fðlÞ dl:
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For a family fGngNn¼1 of ðq þ 1Þ-regular graphs such that limn-NjVðGnÞj ¼N
and limn-N gkðGnÞ=jVðGnÞj ¼ 0 for each kX3; McKay [11] determined the
limiting probability density f ðlÞ for the eigenvalues of Gn as n-N and showed
that f ðlÞ ¼ fðlÞ: Here gkðGnÞ is the number of cycles with length k in Gn:
Furthermore, Sunada [14] presented the semicircle law for the distribution of
eigenvalues of regular graphs when their girths and degrees are divergent. Let
cðxÞ :¼
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
if jxjp1;
0 otherwise:
(
Theorem 4 (Sunada). Let fGngNn¼1 be a family of ðqn þ 1Þ-regular graphs such that
lim
n-N
gðGnÞ ¼ lim
n-N
qn ¼N and lim
n-N
ﬃﬃﬃﬃ
qn
p
log gðGnÞ ¼ 0:
For a; bAR ðaobÞ; let
cnð½a; b
Þ ¼ jflASpecðGnÞ j 2q1=2n aplp2q1=2n bgj:
Then
lim
n-N
1
jVðGnÞj cnð½a; b
Þ ¼
Z b
a
cðxÞ dx:
Using different methods, Godsil and Mohar [4] determined the expected
distribution of the eigenvalues of a large random ðq1 þ 1; q2 þ 1Þ-semiregular
bipartite graph, and showed that the discrete part of the distribution is supported at
0 while the continuous part is supported on the set j ﬃﬃﬃﬃﬃq1p  ﬃﬃﬃﬃﬃq2p jplp ﬃﬃﬃﬃﬃq1p þ ﬃﬃﬃﬃﬃq2p :
This gives another proof of our Theorem 8. Furthermore, Li and Sole´ [10] showed
that the continuous spectrum of the universal covering of ðq1 þ 1; q2 þ 1Þ-
semiregular bipartite graphs does not contain 0 if q1aq2:
In this paper, we give the (Ahumada type) Selberg trace formula for a semiregular
bipartite graph G: Furthermore, we discuss the distribution of arguments of poles of
zeta functions of semiregular bipartite graphs. As an application, we present two
analogue of the semicircle law for the distribution of eigenvalues of speciﬁed regular
subgraphs of semiregular bipartite graphs.
For a general theory of spectra of graphs and the Selberg trace formula, the reader
is referred to [3] and [15], respectively.
2. The Selberg trace formulas for semiregular bipartite graphs
We present the Selberg trace formula for a semiregular bipartite graph G:
A graph G is called bipartite, denoted by G ¼ ðV1; V2Þ if there exists a partition
VðGÞ ¼ V1,V2 of VðGÞ such that uvAEðGÞ if and only if uAV1 and vAV2: A
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bipartite graph G ¼ ðV1; V2Þ is called ðq1 þ 1; q2 þ 1Þ-semiregular if degG v ¼ qi þ 1
for each vAVi ði ¼ 1; 2Þ: Furthermore, q1 þ 1 and q2 þ 1 are called the degrees of G:
For a ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graph G ¼ ðV1; V2Þ; let G½i
 be the graph
with vertex set Vi and edge set fP: reduced path j jPj ¼ 2; oðPÞ; tðPÞAVig for
i ¼ 1; 2: Note that G½1
 is a ðq1 þ 1Þq2-regular graph, and G½2
 is a ðq2 þ 1Þq1-regular.
Let G ¼ ðV1; V2Þ be a connected ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graph.
Set jV1j ¼ n and jV2j ¼ m ðnpmÞ: Let A½i
 ¼ AðG½i
Þ be the adjacency matrix of
G½i
 ði ¼ 1; 2Þ:
Theorem 5 (Hashimoto). Let G ¼ ðV1; V2Þ be a connected ðq1 þ 1; q2 þ 1Þ-semire-
gular bipartite graph with n vertices and e edges, jV1j ¼ n and jV2j ¼ m ðnpmÞ: Then
ZðG; uÞ1 ¼ð1 u2Þenð1þ q2u2Þmn

Yn
j¼1
ð1 ðl2j  q1  q2Þu2 þ q1q2u4Þ
¼ ð1 u2Þenð1þ q2u2Þmn detðIn  ðA½1
  ðq2  1ÞInÞu2 þ q1q2u4InÞ
¼ ð1 u2Þenð1þ q1u2Þnm detðIm  ðA½2
  ðq1  1ÞImÞu2 þ q1q2u4ImÞ;
where SpecðGÞ ¼ f7l1;y;7ln; 0;y; 0g and A½i
 ¼ AðG½i
Þ ði ¼ 1; 2Þ:
In Theorem 5, let SpecðG½1
Þ ¼ fm1;y; mng: If SpecðGÞ ¼ f7l1;y;7ln; 0;y; 0g;
then we have
mj ¼ l2j  q1  1 ð1pjpnÞ
and so
ZðG; uÞ1 ¼ ð1 u2Þenð1þ q2u2Þmn
Yn
j¼1
ð1 ðmj  q2 þ 1Þu2 þ q1q2u4Þ
(see [6]).
Let G ¼ ðV1; V2Þ be a connected ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graph. Set
jV1j ¼ n and jV2j ¼ m ðnpmÞ: Let
ZðvÞ ¼ ZðG; ﬃﬃvp Þ: ð2Þ
By Theorem 5, we have
ZðvÞ1 ¼ ð1 vÞenð1þ q2vÞmn
Yn
j¼1
ð1 ðmj  q2 þ 1Þv þ q1q2v2Þ: ð3Þ
Theorem 6. Let G ¼ ðV1; V2Þ be a connected ðq1 þ 1; q2 þ 1Þ-semiregular bipartite
graph with n vertices and e edges. Set jV1j ¼ n and jV2j ¼ m ðnpmÞ: Furthermore, let
hðyÞ be an even complex function on R with period 2p which is analytically continuable
to an analytic function over Im yo1
2
log q1q2 þ e ðe40Þ: Set SpecðG½1
Þ ¼ fm1;y; mng:
Let m1;y; ml be the eigenvalues of G
½1
 which 1 ðmj  q2 þ 1Þv þ q1q2v2 ¼ 0 has
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imaginary roots. Furthermore, for each mi ð1piplÞ; let ðq1q2Þ1=2 e
ﬃﬃﬃﬃ1p yi be a root of
1 ðmi  q2 þ 1Þv þ q1q2v2 ¼ 0: Then the following trace formula holds:Xl
i¼1
hðyiÞ
¼ 2n
p
q1q2ðq1 þ 1Þ

Z p
0
sin2 y
ðq1 þ q2Þðq1q2 þ 1Þ þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq1  1Þðq2  1Þ cos y 4q1q2 cos2 y
 hðyÞ dyþ 1
2
X
½C

XN
m¼1
jCjðq1q2ÞmjCj=4hˆðmjCj=2Þ;
where ½C
 runs over all equivalence classes of prime, reduced cycles of G; and
hˆðkÞ ¼ 1
2p
Z 2p
0
hðyÞ exp
ﬃﬃﬃﬃ1p ky dy:
Proof. The argument is an analogue of Venkov and Nikitin’s method [16]. By (3), we
have
Zðv= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ1 ¼ð1 v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þenð1þ q2v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þmn

Yn
j¼1
ð1 ðmj  q2 þ 1Þv=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p þ v2Þ:
Thus,
logZðv= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ ¼ ðe nÞ logð1 v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ þ ðm  nÞ logð1þ q2v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ
þ
Xn
j¼1
log v=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðv þ v1Þ  ðmj  q2 þ 1ÞÞ:
Therefore,

Xn
j¼1
d
dv
logð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðv þ v1Þ  ðmj  q2 þ 1ÞÞ
¼  e nﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p  v þ
m  nﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p þ q2v þ
n
v
þ d
dv
logZðv= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ:
Since G is bipartite, we have nðq1 þ 1Þ ¼ mðq2 þ 1Þ; i.e., mq2  nq1 ¼ n  m: Thus,
 e nﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p  v þ
m  nﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p þ q2v þ
n
v
¼ nq1q2ð1 v
2Þ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p  vÞð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p þ q2vÞv:
Next, since TrðlogðI BÞÞ ¼ log detðI BÞ; (1) and (2) imply that
logZðvÞ ¼ logZGðv1=2Þ ¼ 
X
½C

logð1 vjCj=2Þ ¼
X
½C

XN
m¼1
1
m
ujCjm=2:
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Then,
d
dv
logZðvÞ ¼ 1
2
v1
X
½C

XN
m¼1
jCjvjCjm=2;
where C runs over all prime, reduced cycles of G: Thus,
d
dv
logZðv= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þ ¼ 1
2
v1
X
½C

XN
m¼1
jCjðq1q2ÞmjCj=4vmjCj=2:
Therefore,

Xn
j¼1
d
dv
logð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðv þ v1Þ  ðmj  q2 þ 1ÞÞ
¼ nq1q2ð1 v
2Þ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p  vÞð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p þ q2vÞv þ
1
2
v1
X
½C

XN
m¼1
jCjðq1q2ÞmjCj=4vmjCj=2: ð4Þ
Now, for mjASpecðA½1
r Þ ð1pjpnÞ; let zj be a root of
ðq1q2Þ1=2ðt þ t1Þ ¼ mj  q2 þ 1:
If zj is not contained in R; then jzjj ¼ 1; i.e., zj ¼ e
ﬃﬃﬃﬃ1p yj : Let z1;y; zl be not
contained in R; and zlþ1;y; zn be real numbers. Moreover, let hðyÞ be an even
complex function on R with period 2p which is analytically continuable to an
analytic function over Im yo1
2
log q1q2 þ e ðe40Þ: Furthermore, let K be a simple
closed curve traced in the positive direction(counterclockwise) which contains
z1;y; zl ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p
; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq1=q2p ; and does not contain zj ðl þ 1pjpnÞ; z11 ;y; z1n ; 0: We
consider the following three contour integrals:
Qðh; jÞ ¼  1
2pi
I
K
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞ d
dv
logð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðv þ v1Þ  ðmj  q2 þ 1ÞÞ dv;
IðhÞ ¼ 1
2pi
I
K
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞ 1 v
2
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p  vÞð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p þ q2vÞv dv;
Hðh; mÞ ¼ 1
2pi
I
K
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞvmjCj=21 dv:
Then, by (4), we haveXn
j¼1
Qðh; jÞ ¼ nq1q2IðhÞ þ 1
2
X
½C

X
mX1
jCjðq1q2ÞmjCj=4Hðh; mÞ:
By the property of the residue theorem, we have
Qðh; jÞ ¼ 1
2pi
I
K
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞ d
dv
log
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p
=vðv  zjÞðv  1=zjÞ dv ¼ hðyjÞ
if zj is not contained in R: Moreover, if zjAR; then Qðh; jÞ ¼ 0:
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Furthermore, let K1 be the circle of radius 1 traced in the positive direction. Then
we have
Hðh; mÞ ¼ 1
2pi
I
K1
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞvmjCj=21 dv:
Set v ¼ e
ﬃﬃﬃﬃ1p y ð0pyp2pÞ: Then
Hðh; mÞ ¼ 1
2pi
Z 2p
0
hðyÞe
ﬃﬃﬃﬃ1p mjCj=2dy ¼ hˆðmjCj=2Þ:
Now, we have
IðhÞ ¼ 1
2pi
I
K1
hð
ﬃﬃﬃﬃﬃﬃ
1
p
log vÞ 1 v
2
ð1 v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p Þð1þ v= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq1=q2p Þv dv:
Set v ¼ e
ﬃﬃﬃﬃ1p yðppyppÞ: Then we have
IðhÞ ¼ 1
2p
Z p
p
hðyÞ 1 e
2
ﬃﬃﬃﬃ1p y
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p  e ﬃﬃﬃﬃ1p yÞð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p þ q2e ﬃﬃﬃﬃ1p yÞ dy:
But,
1 e2
ﬃﬃﬃﬃ1p y
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p  e ﬃﬃﬃﬃ1p yÞð ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p þ q2e ﬃﬃﬃﬃ1p yÞ
¼ 2q2ð1þ q1Þ sin
2 y ð2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq2  1Þ sin yþ q2ðq1  1Þ sin 2yÞ ﬃﬃﬃﬃﬃﬃ1p
q2ðq1q2  2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yþ 1Þðq1 þ q2 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yÞ :
Let gðyÞ ¼ ðq1q2  2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yþ 1Þðq1 þ q2 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yÞ: Since gðyÞ is an even
function, we have
IðhÞ ¼ 1
2p
Z p
p
hðyÞ2ð1þ q1Þsin
2 y
gðyÞ dy

ﬃﬃﬃﬃﬃﬃ1p
2p
Z p
p
hðyÞ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p ðq2  1Þ sin yþ q2ðq1  1Þ sin 2y
q2gðyÞ dy
¼ 2
p
ðq1 þ 1Þ
Z p
0
hðyÞ sin
2 y
gðyÞ dy:
Therefore, it follows that
Xl
j¼1
hðyjÞ ¼ n 2p q1q2ðq1 þ 1Þ
Z p
0
hðyÞ sin
2 y
gðyÞ dy
þ 1
2
X
½C

XN
mX1
jCjðq1q2ÞmjCj=4hˆðmjCj=2Þ:
We show that the second term in the right side converges.
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Since G½1
 is ðq1 þ 1Þq2-regular, Theorem 2 implies that
X
½C1

XN
mX1
jC1jðq1q2 þ q2  1ÞmjC1j=2hˆðmjC1jÞ
converges, where ½C1
 runs over all equivalence classes of prime, reduced cycles in
G½1
: Each prime, reduced cycle with length 2m in G corresponds to a unique prime,
reduced cycle with length m in G½1
: Thus, the following series converges:
X
½C

XN
mX1
1
2
jCjðq1q2 þ q2  1ÞmjCj=4hˆðmjCj=2Þ:
Since ðq1q2 þ q2  1ÞmjCj=4Aðq1q2ÞmjCj=4 for sufﬁciently large mjCj; the second
term in the right side converges. &
3. The distribution of poles of zeta functions of semiregular bipartite graphs
We shall state the notion of graph covering of a graph.
Let G be a connected graph, and let NðvÞ ¼ fwAVðGÞ j vwAEðGÞg for any
vertex v in G: A graph H is called a covering of G with projection p : H-G if
there is a surjection p : VðHÞ-VðGÞ such that pjNðv0Þ : Nðv0Þ-NðvÞ is a bijection
for all vertices vAVðGÞ and v0Ap1ðvÞ: When a ﬁnite group P acts on a graph
(digraph) G; the quotient graph (digraph) G=P is a simple graph (digraph)
whose vertices are the P-orbits on VðGÞ; with two vertices adjacent in G=P if
and only if some two of their representatives are adjacent in G: A covering p : H-G
is said to be a regular covering of G if there is a subgroup B of the automorphism
group Aut H of H acting freely on H such that the quotient graph H=B is
isomorphic to G:
Let G be a graph and A a ﬁnite group. Let DðGÞ be the arc set of the symmetric
digraph corresponding to G: Then a mapping a : DðGÞ-A is called an ordinary
voltage assignment if aðv; uÞ ¼ aðu; vÞ1 for each ðu; vÞADðGÞ: The pair ðG; aÞ is called
an ordinary voltage graph. The derived graph Ga of the ordinary voltage graph ðG; aÞ
is deﬁned as follows:
VðGaÞ ¼ VðGÞ  A and ððu; hÞ; ðv; kÞÞADðGaÞ if and only if ðu; vÞADðGÞ
and k ¼ haðu; vÞ;
where VðGÞ is the vertex set of G (see [5]). Also, Ga is called an A-covering of G: The
natural projection p : Ga-G is deﬁned by pðv; hÞ ¼ v for all ðv; hÞAVðGÞ  A: Then
the covering p : Ga-G is a regular covering of G:
For a graph G; the girth gðGÞ of G is the minimum of the lengths of prime, reduced
cycles in G: Let ordðgÞ be the order of an element g in a group.
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Lemma 1. Let G be a connected graph with n vertices and e edges. Then there exists
some finite group G and an ordinary voltage assignment a : DðGÞ-G such that
gðGaÞ4gðGÞ:
Proof. Let T be a spanning tree of G: We give each of the r ¼ e nþ 1 edges in
G\EðTÞ a direction and label e1;y; er: Let erþj ¼ e1j ð1pjprÞ:
Any prime, reduced cycle on G is uniquely determined by the ordered sequence of
ek’s it passes through. Specially, if ei and ej are two consecutive ek’s in this sequence,
then the part of the cycle between ei and ej is the unique reduced path on T joining
tðeiÞ and oðejÞ: Note that the free group of rank r generated by the ek’s is identiﬁed
with the fundamental group p1 ðG; vÞ ðvAVðGÞÞ:
Let G ¼ /g1S?/grS be the direct product of r cyclic groups
/g1S;y;/grS; where ordðgiÞ41; i ¼ 1;y; r: Furthermore, let a : DðGÞ-G be the
ordinary voltage assignment such that
aðeiÞ ¼ gi ð1piprÞ; aðeÞ ¼ 1; eADðTÞ:
Let C˜ be any prime, reduced cycle in Ga: Then there exists some prime, reduced
cycle C in G such that
paðC˜Þ ¼ Cf ; fX0:
Let ei1 ;y; eis be the sequence of ek’s corresponding to C: Then we have
aðCÞ ¼ aðei1Þ?aðeisÞ
and
t ¼ ordðaðCÞÞ41:
By Gross and Tucker [5, Theorem 2.1.3], the preimage p1a ðCÞ of C in Ga is the union
of jGj=t disjoint cycles with length tjCj: Since jCjXgðGÞ; we have t ¼ f ; and so
jC˜j ¼ tjCjXtgðGÞ4gðGÞ:
Therefore, it follows that
gðGaÞ4gðGÞ: &
In Lemma 1, Ga is ðq1 þ 1; q2 þ 1Þ-semiregular bipartite if G is ðq1 þ 1; q2 þ 1Þ-
semiregular bipartite.
Corollary 1. There exists a family fGngNn¼1 of ðq1 þ 1; q2 þ 1Þ-semiregular bipartite
graphs such that
lim
n-N
gðGnÞ ¼N:
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Now, we consider a family fGngNn¼1 of ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graphs
such that limn-N gðGnÞ ¼N: For 0paobpp; let
jnð½a; b
Þ ¼ jfv ¼ ðq1q2Þ1=2e
ﬃﬃﬃﬃ1p y j v : a pole of ZðvÞ; apypbgj:
We give a property of the distribution on arguments of poles of zeta functions of
semiregular bipartite graphs.
Theorem 7. Let fGngNn¼1 be a family of ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graphs
such that limn-N gðGnÞ ¼N: Then
limn-N
1
jVðG½1
n Þj
jnð½a; b
Þ
¼ 2
p
q1q2ðq1 þ 1Þ

Z b
a
sin2 y
ðq1 þ q2Þðq1q2 þ 1Þ þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq1  1Þðq2  1Þ cos y 4q1q2 cos2 y dy:
Proof. Let G ¼ Ga ¼ ðV1; V2Þ; jV1j ¼ n and jV2j ¼ m ðnpmÞ: Furthermore, let
hðyÞ :¼ 1 if apypb;
0 otherwise;
(
where hð0Þ ¼ hðpÞ ¼ 0:
Theorem 6 implies that
jað½a; b
Þ ¼
2n
p
q1q2ðq1 þ 1Þ
Z b
a
sin2 y
gðyÞ dy
þ 1
2
X
½C

XN
mX1
ðq1q2ÞmjCj=4hˆðmjCj=2Þ; ð5Þ
where gðyÞ ¼ ðq1 þ q2Þðq1q2 þ 1Þ þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq1  1Þðq2  1Þ cos y 4q1q2 cos2 y; and
½C
 runs over all equivalence classes of prime, reduced cycles of G: Then we have
hˆðmjCj=2Þ ¼ 1
2p
Z b
a
e
ﬃﬃﬃﬃ1p mjCjy=2 dy ¼ 1
pmjCj ﬃﬃﬃﬃﬃﬃ1p e
ﬃﬃﬃﬃ1p mjCjb=2  e ﬃﬃﬃﬃ1p mjCja=2 :
Thus,
Ka :¼ 1
2
X
½C

XN
mX1
ðq1q2ÞmjCj=4hˆðmjCj=2Þ
¼ 1
2p
ﬃﬃﬃﬃﬃﬃ1p
X
½C

XN
mX1
1
m
ðq1q2ÞmjCj=4 e
ﬃﬃﬃﬃ1p mjCjb=2  e ﬃﬃﬃﬃ1p mjCja=2 :
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Therefore, we have
jKajp 1
2p
X
½C

XN
mX1
1
m
fðq1q2ÞjCj=4gm  2
¼ 1
p
X
½C

ðlogð1 ðq1q2ÞjCj=4ÞÞ
¼ 1
p
log
Y
½C

ð1 ðq1q2ÞjCj=4Þ1:
Since jCjXgðGÞ ¼ g; we have
ðq1q2ÞjCj=4Xðq1q2Þg=4;
i.e.,
log
Y
½C

ð1 ðq1q2ÞjCj=4Þ1plog
Y
½C

ð1 ðq1q2Þg=4Þ1:
The fact that limn-N gðGnÞ ¼N implies that
8e; (NAN : a4N ) 1
q1q2
 gðGaÞ=4
oe:
Thus, we have
0oð1 ðq1q2ÞgðGaÞ=4Þ1oð1 eÞ1
for any a4N: Since e is any,
lim
a-N
log
Y
½C

ð1 ðq1q2ÞgðGaÞ=4Þ1plog
Y
½C

lim
e-þ0
ð1 eÞ1 ¼ 0:
Therefore, it follows that
lim
a-N
Ka ¼ 0:
Hence, the result follows. &
4. Analogue of the semicircle law for the distribution of eigenvalues of
speciﬁed regular subgraphs of semiregular bipartite graphs
In this section, we consider a sequence G1; G2;y; Gny of semiregular bipartite
graphs, and then study the distribution of eigenvalues of regular subgraphs G
½1

n in Gn
(cf. [4,10]).
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Let G ¼ ðV1; V2Þ be a connected ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graph. Set
jV1j ¼ n and jV2j ¼ m ðnpmÞ: Furthermore, let SpecðG½1
Þ ¼ fm1;y; mng: By (3), we
have
ZðvÞ1 ¼ ð1 vÞenð1þ q2vÞmn
Yn
j¼1
ð1 ðmj  q2 þ 1Þv þ q1q2v2Þ:
Thus, the poles of ZðvÞ are 1;1=q2 and roots of 1 ðmj  q2 þ 1Þv þ q1q2v2 ¼
0 ð1pjpnÞ: Therefore, v ¼ ðq1q2Þ1=2e
ﬃﬃﬃﬃ1p y is a pole of ZðvÞ if and only if
mj ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yþ q2  1 is an eigenvalue of G½1
:
Now, we consider a family fGngNn¼1 of ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graphs
such that limn-N gðGnÞ ¼N: For a; bAR ðaobÞ; let
fnð½a; b
Þ ¼ jfmASpecðG½1
n Þ j apmpbgj:
We present an analogue of the semicircle law for the distribution of eigenvalues of
speciﬁed regular subgraphs of semiregular bipartite graphs. This is the same as the
formula (5.2) in Godsil and Mohar [4], and we give a different proof of it.
Theorem 8. Let fGngNn¼1 be a family of ðq1 þ 1; q2 þ 1Þ-semiregular bipartite graphs
such that limn-N gðGnÞ ¼N: Then
lim
n-N
1
jVðG½1
n Þj
fnð½a; b
Þ ¼
Z b
a
fðmÞ dm;
where
fðmÞ :¼
q1þ1
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4q1q2ðmq2þ1Þ2
p
ðq1q2þ1ðmq2þ1ÞÞðq1þq2þðmq2þ1ÞÞ if jm q2 þ 1jp2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p
;
0 otherwise:
8<
:
Proof. Let 0paobpp: Then Theorem 7 implies that
lim
n-N
1
jVðG½1
n Þj
jnð½a; b
Þ ¼
2
p
q1q2ðq1 þ 1Þ 
Z b
a
sin2 y
gðyÞ dy; ð6Þ
where gðyÞ ¼ ðq1 þ q2Þðq1q2 þ 1Þ þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq1  1Þðq2  1Þ cos y 4q1q2 cos2 y: Let
G ¼ Ga ¼ ðV1; V2Þ; jV1j ¼ n and jV2j ¼ m ðnpmÞ: Furthermore, let SpecðG½1
Þ ¼
fm1;y; mng: For the root v ¼ ðq1q2Þ1=2e
ﬃﬃﬃﬃ1p yj of 1 ðmj  q2 þ 1Þv þ q1q2v2 ¼
0 ð1pjpnÞ;
apyjpb() 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos bpmj  q2 þ 1p2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos a:
In (6), let
m ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos yþ q2  1:
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Then we have
Z b
a
sin2 y
gðyÞ dy ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p
Z ma
mb
sin y
ðq1q2 þ q2  mÞðq1 þ 1þ mÞ dm;
where ma ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos aþ q2  1 and mb ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos bþ q2  1: But,
sin y ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 cos2 y
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4q1q2  ðm q2 þ 1Þ2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p :
Thus,
Z b
a
sin2 y
gðyÞ dy ¼
1
4q1q2
Z ma
mb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4q1q2  ðm q2 þ 1Þ2
q
ðq1q2 þ q2  mÞðq1 þ 1þ mÞ dm:
Therefore, it follows that
lim
n-N
1
jVðG½1
n Þj
fnð½mb; ma
Þ ¼ lim
n-N
1
VðG½1
n Þ
  jnð½a; b
Þ
¼ q1 þ 1
2p
Z ma
mb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4q1q2  ðm q2 þ 1Þ2
q
ðq1q2 þ q2  mÞðq1 þ 1þ mÞ dm: &
Next, we consider a sequence of semiregular bipartite graphs for which both their
girths and degrees are divergent.
By Lemma 1, we obtain the following result.
Corollary 2. There exist a family fGngNn¼1 of ðqn;1 þ 1; qn;2 þ 1Þ-semiregular bipartite
graphs such that
lim
n-N
gðGnÞ ¼ lim
n-N
qn;1 ¼N;
where qn;1Xqn;2 for each nAN:
Let fGngNn¼1 be a family of ðqn;1 þ 1; qn;2 þ 1Þ-semiregular bipartite graphs such
that
lim
n-N
gðGnÞ ¼ lim
n-N
qn;1 ¼N;
where qn;1Xqn;2: For 1paobp1; let
cnð½a; b
Þ ¼ jfm ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q1q2
p
cos yþ q2  1ASpecðG½1
n Þ j ap cos ypbgj:
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Furthermore, let
cðtÞ :¼
2
p
ﬃﬃﬃﬃﬃﬃﬃ
1t2
p
1þdþ2
ﬃﬃ
d
p
t
if jtjp1;
0 otherwise;
(
where
d ¼ lim
n-N
qn;2
qn;1
:
We present another analogue of the semicircle law for the distribution of
eigenvalues of speciﬁed regular subgraphs of semiregular bipartite graphs.
Theorem 9. Let fGngNn¼1 be a family of ðqn;1 þ 1; qn;2 þ 1Þ-semiregular bipartite graphs
such that
lim
n-N
gðGnÞ ¼ lim
n-N
qn;1 ¼N; qn;1Xqn;2
and
lim
n-N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qn;1qn;24
p
log gðGnÞ ¼ 0:
Suppose that d ¼ limn-N qn;2qn;1: Then
lim
n-N
1
jVðG½1
n Þj
cnð½a; b
Þ ¼
Z b
a
cðtÞ dt:
Proof. Let G ¼ Gk ¼ ðV1; V2Þ; jV1j ¼ n; jV2j ¼ m ðnpmÞ; q1 ¼ qk;1 and q2 ¼ qk;2:
For 0paobpp; let
hðyÞ :¼ 1 if apypb;
0 otherwise;
(
where hð0Þ ¼ hðpÞ ¼ 0: Then (5) implies that
jkð½a; b
Þ ¼
2n
p
q1q2ðq1 þ 1Þ
Z b
a
sin2 y
gðyÞ dyþ
1
2
X
½C

XN
mX1
ðq1q2ÞmjCj=4hˆðmjCj=2Þ;
where gðyÞ ¼ ðq1 þ q2Þðq1q2 þ 1Þ þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p ðq1  1Þðq2  1Þ cos y 4q1q2 cos2 y:
Let SpecðG½1
Þ ¼ fm1;y; mng: For the root v ¼ ðq1q2Þ1=2e
ﬃﬃﬃﬃ1p yj of 1 ðmj  q2 þ
1Þv þ q1q2v2 ¼ 0 ð1pjpnÞ;
apyjpb() 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos bpmj  q2 þ 1p2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p cos a:
Thus, we have
jkð½a; b
Þ ¼ ckð½cos b; cos a
Þ:
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Therefore,
lim
k-N
1
jVðG½1
k Þj
ckð½cos b; cos a
Þ ¼ lim
k-N
2
p
q1q2ðq1 þ 1Þ
Z b
a
sin2 y
gðyÞ dy
þ lim
k-N
1
2
X
½C

XN
mX1
ðq1q2ÞmjCj=4hˆðmjCj=2Þ;
Let
Kk :¼ 1
2
X
½C

XN
mX1
ðq1q2ÞmjCj=4hˆðmjCj=2Þ:
Then the proof of Theorem 7 implies that
jKkjp 1p log
Y
½C

ð1 ðq1q2ÞgðGkÞ=4Þ1:
Since limn-N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qn;1qn;24
p
log gðGnÞ ¼ 0; we have
lim
k-N
jKkjp lim
k-N
1
p
log
Y
½C

ð1 ðq1q2ÞgðGkÞ=4Þ1 ¼ 0
and so
lim
k-N
Kk ¼ 0:
Next, let
t ¼ cos y:
Then we have
2
p
q1q2ðq1 þ 1Þ
Z b
a
sin2 y
gðyÞ dy
¼ 2
p
q1q2ðq1 þ 1Þ
Z cos a
cos b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
ðq1q2 þ 1 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p tÞðq1 þ q2 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃq1q2p tÞ dt:
Thus,
lim
k-N
2
p
q1q2ðq1 þ 1Þ
Z b
a
sin2 y
gðyÞ dy
¼ lim
k-N
2
p
Z cos a
cos b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
1þ 1
q1q2
 2ﬃﬃﬃﬃﬃﬃ
q1q2
p t
 
1þ q2=q11=q11þ1=q1 þ
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
q2=q1
p
1þ1=q1 t
  dt:
¼ 2
p
Z cos a
cos b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
1þ dþ 2 ﬃﬃﬃdp t dt:
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Therefore, it follows that
lim
k-N
1
jVðG½1
k Þj
ckð½cos b; cos a
Þ ¼
Z cos a
cos b
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
1þ dþ 2 ﬃﬃﬃdp t dt: &
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